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$V$ ( ) $V$ $E$ ( ) $G=(V, E)$
graph . $V(G),$ $E(G)$ , graph $G$ , .
, graph . graph
. graph $G$ $k$- ( $k$-coloring) , $\{u, v\}\in E(G)$ $f(u)\neq f(v)$
$f:V(G)arrow\{1, \cdots, k\}$ . ,
$\chi(G):=\min${ $k\in \mathrm{N}|G$ k- }
gaph $G$ (chromatic number) . $\chi(G)$ 1 , graph
$G$ box complex $\mathrm{B}(G)$
. $\mathrm{B}(G)$ , .
$G$ graph , $A\subseteq V(G)$ $a\in A$ $\text{ },$ $\{v, a\}\in E(G)$ $V\in V(G)$
$A$ common neighbor . $A$ common neighbor $\mathrm{C}\mathrm{N}_{G}(A)$ .
, $\mathrm{C}\mathrm{N}_{G}(\phi)=V(G)$ . $A=\{u\}$ , $\mathrm{C}\mathrm{N}_{G}(A)$ $G$ $u\in V(G)$
neighbor .
$A_{1},$ $A_{2}\subseteq V(G),$ $A_{1}\cap A_{2}=\phi$ ,
$V=A_{1}\cup A_{2},$ $E=\{\{a_{1},a_{2}\}|a_{1}\in A_{1}, a_{2}\in A_{2}, \{a_{1}, a_{2}\}\in E(G)\}$
$\mathrm{G}$ bipa tite subgraph $(\mathrm{V}, E)$ $G[A_{l}, A_{\mathit{2}}]$ . $G[A_{1}, \mathrm{A}_{2}]$ complete
, $(a_{1}, a_{2})\in A_{1}\mathrm{x}A_{2}$ , $\{a_{1},a_{\mathit{2}}\}\in E(G)$ . , $G[\phi,A_{2}]$
$G[A_{1}, \phi]$ complete . $A_{1},$ $A_{2}\subseteq V(G)$ ,
$A_{1}\omega A_{2}:=(A_{1}\cross\{1\})\cup(A_{2}\cross\{2\})(\subseteq V(G)\cross\{1,2\})$
.
graph $G$ , $V(G)\cross\{1,2\}$
$\mathrm{B}(G)=\{A_{1}\mathfrak{G}A_{2}|A_{1},A_{\mathit{2}}\subseteq V(G),$ $A_{1}\cap A_{2}=\phi$ ,
$G[A_{1}, A_{2}]$ : complete, $\mathrm{C}\mathrm{N}_{G}(A_{1})\neq\phi\neq \mathrm{C}\mathrm{N}_{G}(A_{2})\}$
$G$ box complex .
$X$ , $\nu\circ\nu=\mathrm{i}\mathrm{d}_{X}$ $\nu$ : $Xarrow X$ $X$ $\mathbb{Z}_{2}$-action ,
$\mathbb{Z}_{2}$-action (X, $\nu$) $\mathbb{Z}_{2}$-space . $||\mathrm{B}(G)||$ $\mathbb{Z}_{2}$-action
, simplicial map $\nu$ afliine extention , $\mathbb{Z}_{2}$-space :
$v\in V(G)$ ,
$\nu:V(\mathrm{B}(G))arrow V(\mathrm{B}(G))$ ; $\{v\}\mathrm{U}+\emptyset\ovalbox{\tt\small REJECT}\mapsto\emptyset\oplus\{v\},$ $\emptyset\oplus\{v\}\vdasharrow\{v\}W\phi$ .
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, $||\mathrm{B}(G)||$ $\mathbb{Z}_{2}$-action $||\mathrm{B}(G)||$ $\mathbb{Z}_{2}$ -index .
2 $\mathbb{Z}_{2^{-}}\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$ $(X, \nu_{X})$ ( $Y$, ) $f$ : $Xarrow \mathrm{Y}$ , $\circ f=f\circ\nu_{X}$
$X$ $Y$ $\mathbb{Z}_{2^{-}}\mathrm{m}\mathrm{a}\mathrm{p}$ . , $k$ $S^{k}$ $\mathbb{Z}_{2}$-action antipodal
map , $\mathbb{Z}_{2}$-space(X, $\nu$ ) $\mathbb{Z}_{2}$ -index :
$\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(X, \nu):=\min$ { $k|\mathbb{Z}_{2}$-map $f$ : $Xarrow S^{k}$ }.
$\chi(G)$ , box complex $\mathbb{Z}_{2}$-index .
Theorem 1 (J. Matou\v{s}ek-G. M. Ziegler [4]: p.125). graph $G$ ,
$\chi(G)\geq \mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\mathrm{B}(G)||)+2$.
, graph Kneser ([4], $\mathrm{p}.57$ )
([3], [6] ).- graph $G$ , box
complex $||\mathrm{B}(G)||$ (complete graph
) . , $||\mathrm{B}(G)||$ .
connected graph $G$ sprning tree $T$
$||\mathrm{B}(\mathrm{G})||$ , 2 :
tree box complex .
graph $G$ spanning tree $T$ , $\mathrm{B}(G)$ $\mathrm{B}(T)$ .
(I) tree box complex :
$A\subset X$ . $f\mathrm{o}=\mathrm{i}\mathrm{d}_{X},$ $f1(X)=A,$ $f_{t}|_{A}=\mathrm{i}\mathrm{d}_{A}$ , $t\in[0,1]$ , $f_{t}$ :
$Xarrow X$ $\mathbb{Z}_{2^{-}}\mathrm{m}\mathrm{a}\mathrm{p}$ homotopy $\{f_{1} : Xarrow X\}$ , $A$ $X$ $\mathbb{Z}_{2^{-}}$
deformation retract .
Theorem 2(tree box complex). $T$ tree . tree $T$ box complex $||\mathrm{B}(T)||$ 2
component . $T$ 1 simplicial complex , $||\mathrm{B}(T)||$
component , $||\mathrm{B}(T)||$ $\mathbb{Z}_{2}$ -deformation retract .
, 2 .
Theorem 3(box complex ). graph $G$ subgraph $G_{1)}\cdots$ ) $G_{k}$ $G= \bigcup_{1=1}^{k}.G_{i}$
,
$G[M_{1}, M_{\mathit{2}}]$ complete $M_{1}$ $M_{\mathit{2}}\subseteq V(G)\cross\{1,2\}$
, $G_{i}[M_{1}, M_{2}]$ complete $i\in\{1, \cdots, k\}$
. , $\mathrm{B}(G)=\bigcup_{1=1}^{k}.\mathrm{B}(c_{:})$ .
$G$ $v\in V(G)$ $v$ neighbor – , $v$ $G$ .
$A\subseteq V(G)$ 2 $G$ , $A$ $G$ (independent) .
Theorem 4( 1). 2 graph $G$ $H$ graph $G\cup H$
G\cap H
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$V(G\cap H)=\{u_{1}, \cdots, u_{k}, v_{1}, \cdots, v_{k}\},$ $E(G\cap H)=\{\{u_{i}, v_{i}\}|i=1, \cdots, k\}$
, :
(1) $\{u_{i}, v_{j}\}\not\in E(G\cup H)(i\neq i)$ , (2) $u_{1},$ $\cdots,$ $u_{k}$ $H$ ,
(3) $v_{1},$ $\cdots,$ $v_{k}$ $G$ , (4) $\{u_{1}, \cdots, u_{k}\}$ $G$ .
, $\mathrm{B}(G\cup H)=\mathrm{B}(G)\cup \mathrm{B}(H),$ $\mathrm{B}(G\cap H)=\mathrm{B}(G)\cap \mathrm{B}(H)$ .
$G\cup H$ $G$ $H$
(I) graph $G$ sprning troe $T$ , $\mathrm{B}(G)$ $\mathrm{B}(T)$ :
$G$ connected graph rank $H_{1}(G)=k$ . $G$ spanning tree $T$ $E(T)\cup$
$\{e_{1}, \cdots, e_{k}\}=E(G)$ $k$ $e_{1},$ $\cdots,$ $e_{k}$ , $T$
. $G_{0}=T$ , $\mathrm{i}=1,$ $\cdots,$ $k$ , graph $c_{:}$
$V(c_{:})=V(T)(=V(G)),$ $E(c_{:})=E(T)\cup\{e_{1}, \cdots, e_{1}\}$
. , graph $G_{\epsilon_{i}}$ :
$V(G_{e_{1}})=\{u_{i},v_{i}\}\cup \mathrm{C}\mathrm{N}_{G_{i-1}}(u_{i})\cup \mathrm{C}\mathrm{N}c_{:-1}(v:)$,
$E(G_{e_{1}})=\{\{u_{i},x\}|x\in \mathrm{C}\mathrm{N}_{c_{:-1}}(u_{i})\}\cup\{\{v_{1},y\}|y\in \mathrm{C}\mathrm{N}_{c_{:-1}}(v_{1})\}\cup\{e_{i}\}$ .
$\mathrm{C}\mathrm{N}_{G:-1}(\{u_{i}, v_{i}\})=\emptyset$ , graph $G_{\text{ }}$‘ tree .
$G_{i-1}$
$G_{\mathrm{e}}$ :
, $G_{i}=G_{i-1} \cup G_{e_{i}}=\cdots=T\cup\bigcup_{j=1}^{i}G_{\epsilon_{j}}$ . $G$ 4 cycle
, .
Theorem 5. $G$ 4 cycle connected graph . $G$ spanning tree
$T$ , $e_{1},$ $\cdots,$ $e_{k}1\mathrm{h}E(G)\backslash E(T)=\{e_{1}, \cdots, e_{k}\}$ $k$ .
graph $G_{i-1}$ $G_{\epsilon_{1}}$ graph $G_{1}=G_{i-1}\cup G_{e:}$ $i=1,$ $\cdots,$ $k$ ,
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$\mathrm{B}(G_{i-1}\cup G_{e:})=\mathrm{B}(G_{i-1})\cup \mathrm{B}(G_{e_{i}}),$ $\mathrm{B}(G_{i-1}\cap G_{e}.)=\mathrm{B}(G_{i-1})\cap \mathrm{B}(G_{e})$:
. , $\mathrm{B}(G)=\mathrm{B}(T)\cup\bigcup_{i=1}^{k}\mathrm{B}(G_{\text{ }})$: .
, .
Theorem 6( 2). graph $H$ $V(H)=\{u_{1}, \cdots \dagger u_{k}, u, v_{1}, \cdots, v_{l}, v\}$,
$E(H)=\{\{u, u_{i}\}|i=1, \cdots, k\}\cup\{\{v, v_{j}\}|j=1, \cdots,l\}\cup\{\{u, v\}\}$
tree . 2 gaph $G$ $H$ graph $G\cup H$ , 2
graph $G$ $H$
$V(G\cap H)=\{u_{1}, \cdots,u_{k},u,v_{1}, \cdots,v_{l}, v\},$ $E(G\cap H)=E(H)\backslash \{\{u, v\}\}$
, (1) $\sim(3)$ :
(1) $\mathrm{C}\mathrm{N}_{G}(u)=\{u_{1}, \cdots, u_{k}\}(=\mathrm{C}\mathrm{N}_{H}(u)\backslash \{v\})$ ,
(2) $\mathrm{C}\mathrm{N}_{G}(v)=\{v_{1}, \cdots, v_{l}\}(=\mathrm{C}\mathrm{N}_{H}(v)\backslash \{u\})$ ,
(3) $\{u_{1}, \cdots, u_{k}, v_{1}, \cdots, v_{l}\}[]\mathrm{h}G^{-}C$ independent.
, $\mathrm{B}(G\cup H)=\mathrm{B}(G)\cup \mathrm{B}(H),$ $\mathrm{B}(G\cap H)=\mathrm{B}(G)\cap \mathrm{B}(H)$ .
$\mathrm{B}(G)$ $\mathrm{B}(T)$ $\mathrm{B}(G_{e}):(i=1, \cdots, k)$ . graph $G$
4 cycle $G_{\text{ _{}i}}$ tree $||\mathrm{B}(G_{e_{1}})||$ 2 component
. $||\mathrm{B}(G)||$ . $\overline{G}$
$\mathrm{B}(G)$ 1 simplicial subcomplex :
$\overline{G}:=\{\{u\}\oplus\emptyset, \{v\}.\cup+\phi, \phi\oplus\{u\}, \phi\oplus\{v\}, \{u\}\oplus\{v\}, \{v\}\mathrm{B}\{u\}|\{u,v\}\in E(G)\}\subset \mathrm{B}(G)$
$||\mathrm{B}(G)||$ $\mathbb{Z}_{2^{-}}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ $||\overline{G}||$ , $||\overline{G}||$ $\mathbb{Z}_{2}$-action .
Theorem 7. $G$ 4 cycle connected graph . , $||\overline{G}||$
$||\mathrm{B}(G)||$ $\mathbb{Z}_{2}$-deformation retract .
$||\overline{G}||$ homotopy type .
Theorem 8. $G$ conected graph , rank $H_{1}(G)=k$ . , $||\overline{G}||$
.
(1) $G$ cycle , ,
$|| \overline{G}||\simeq S^{1}\Pi\bigvee_{k}^{s^{1}}k$’
(2) $G$ cycle 1 ,
$||\overline{G}||\simeq s^{1}2k-1^{\cdot}$
$G$ 4 cycle connected graph , Thmrem 7 8
$||\mathrm{B}(G)||$ homotopy type .
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Corollary 9. $G$ 4 cycle connected graph , rank $H_{1}(G)=k$
. , box complex $||\mathrm{B}(G)||$ .
(1) $G$ cycle , ,
$|| \mathrm{B}(G)||\simeq\bigvee_{k}S^{1}$ $\vee^{s^{1}}k$ ’
(2) $G$ cycle 1 ,
$||\mathrm{B}(G)||\simeq s^{1}\mathit{2}k-1^{\cdot}$
, 4 cycle connected graph $G$ , Theorem 7 $||\mathrm{B}(G)||$
$||\overline{G}||$ $\mathbb{Z}_{\mathit{2}}$-map . , $\mathbb{Z}_{2}$-index ,
$\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\mathrm{B}(G)||)\leq \mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\overline{G}||)$
. $\overline{G}$ , $||\mathrm{B}(G)||$ $\mathbb{Z}_{2}$-action $||\overline{G}||$ , $||\partial||$
$\mathbb{Z}_{\mathit{2}}$-action . $\overline{G}$ 1 simplicial complex ,
$\mathrm{i}\mathrm{n}\mathrm{d}_{l_{2}}(||\mathrm{B}(G)||)\leq \mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\overline{G}||)\leq 1$
. , $\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\mathrm{B}(G)||)+2\leq 3$ .
, Erd\"os ([1], p.117) , $k$ , $k$ cycle
, $\chi(G)>k$ graph , Theorem 1 graph
$\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\mathrm{B}(G)||)+2$ graph $G$ $\chi(G)$
.
, J. W. Walker [7], \S 12 , 4 cycle graph
L. Loviz .2002
, J. Matou\v{s}ek, G. M. Ziegler [5] , 4 cycle graph , $\chi(G)$
$\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{Z}_{2}}(||\mathrm{B}(G)||)+2$ . 2004
P. Csorba [2] graph – .
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